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ABSTRACT: We present rigorous analysis for the dynamic intrachain correlations of block copolymers
within the Rouse model, which uncovers current misunderstandings of the dynamics of unentangled block
copolymers in solutions and melts. Analytic predictions are made for the dynamic correlations at large
and small distances, respectively, providing a critical test for the theory of Benmouna et al. which ignores
memory effects and is based on a “dumbbell” model. At large distances, differences exist with regard to
the k and composition dependence of the internal mode relaxation time. At small distances, on the other
hand, we find non-Markovian stretched exponential decay, as opposed to their Markovian simple
exponential decay, and for the correlation between two dynamically asymmetric blocks, a single mode
with an intermediate decay constant, in contrast to the linear combination of the two intrablock correlation
decay modes obtained by Benmouna et al. Furthermore, for structurally and dynamically symmetric
but composition asymmetric diblock copolymers, they do not formally recover their predictions for

homopolymers.

I. Introduction

During the last two decades, block copolymers have
attracted considerable attention for the rich variety of
phenomena associated with them. For instance, the
dynamics of concentration fluctuations in block copoly-
mer solutions involves multiple relaxation modes.? In
dilute solutions, there is single chain relaxation with
diffusive and internal modes. Increasing polymer con-
centrations give rise to additional cooperative matrix
relaxation and polydispersity-induced long range com-
position fluctuations.

Single chain dynamics may be described by either the
Rouse? or the Zimm?3 model. The former considers
noninteracting Gaussian chains, appropriate for unen-
tangled polymers in semidilute and concentrated solu-
tions and melts, whereas the latter also includes hy-
drodynamic interactions, which are important in dilute
polymer solutions. Theoretical predictions for the Rouse
normal modes of block copolymers*~7 have been con-
firmed by dielectric spectroscopy experiments.® Based
on the Rouse model and a Markovian approximation
(i.e., neglecting memory effects), the dynamic intrachain
correlations, which are approximately reduced to block—
block correlations in the spirit of a “dumbbell” model,
are derived by Benmouna et al.® Two relaxation modes
are obtained, which appear to represent diffusion and
internal relaxation, respectively, at large distances and
long times. These results are consistent with Zimm
model calculations and Brownian dynamics simulations
for structurally, dynamically, and composition sym-
metric diblock copolymers carried out by Rey and
Freire,° and also with dynamic light scattering
experiments.111-13 However, strictly speaking, memory
effects are negligible only at short times. The predic-
tions of Benmouna et al. need to be tested at long times
by rigorous analysis of the corresponding Rouse model.
In fact, it is well-known that at small distances, the
dynamic intrachain correlations of homopolymers ob-
tained within the Markovian approximation4 fail to
exhibit the non-Markovian stretched exponential decay
deduced from the Rouse model.’> Oversimplification
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due to the use of the dumbbell-like model may also be
a cause of concern. The collective relaxation modes have
also been studied theoretically'®” and experi-
mentally,11-13 but only single chain dynamics is con-
sidered here.

This paper provides such a test, which should improve
our understanding of the dynamics of unentangled block
copolymers. We generalize the Rouse model studies of
homopolymers in ref 15 to diblock copolymers, which
enables rigorous calculations for the dynamic intrachain
correlations. The normal mode analysis by Stockmayer
and Kennedy® is reformulated in section Il. On the
basis solutions to the normal modes, section 111 evalu-
ates the dynamic correlations and makes analytic
predictions at large and small distances, which are our
main results. These results are then compared with
those of Benmouna et al.® in section 1V, revealing a
number of cases where their theory becomes inappropri-
ate. The present analysis may be straightforwardly
extended to the Zimm model of diblock copolymers in
dilute solutions. It also provides a starting point for
the renormalized Rouse model and the mode-coupling
theory of diblock copolymer melts and solutions,8
appropriate for entangled dynamics and unentangle-
ment—entanglement crossover.

After submitting this paper, | received a preprint by
Molina and Freire.1® They also point out the inadequacy
of Benmouna et al.’s predictions at small distances,
based on Zimm model calculations and dynamic Monte
Carlo simulations.

Il. Normal Modes

This section reformulates the Stockmayer—Kennedy
analysis for the Rouse model of block copolymers and
summarizes the main results,® with more details given
in Appendices A and B.

Consider an AB diblock copolymer with N segments,
of which a fraction f consists of the A species. The chain
is labeled such that the first fN segments make up the
A block and the remaining (1 — f)N monomers constitute
the B block. The continuum limit Langevin equation
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for a Gaussian diblock copolymer may be written as?®

°R(1)
p + £ (t) (2.1)

RO _
at

where the label n is treated as a continuous variable,
the friction coefficient is

_{CA, for 0 < n < Nf
Cn_

lgy for Nf<n <N (2.2)

Rn(t) is the position of the nth segment at time t, the
elastic constant is

K, = 3kgT/o,%, for 0 < n < Nf
Kg = 3kgT/og?, for Nf<n <N
(2.3)

K, = 3kgTlo,> = {

with oa@) the statistical segment length for A(B) and
fa(t) the random force exerted on the nth monomer at
time t. The random force is assumed to follow

3 (), (t)0= 2k, TE,0(N — M3t — t)1  (2.4)

where “[071 denotes an equilibrium statistical average
and | is the unit tensor of rank 2. The boundary
conditions are

oR
on

n

=0, atn=0,N (2.5)

aR
R, and K”a_nn are continuous at n = Nf (2.6)

where eq 2.5 is due to the vanishing of the elastic forces
at the free ends and eq 2.6 arises from chain connectiv-
ity and force balance at the interblock junction.

The motions of different segments are correlated due
to chain connectivity, as represented by the elastic force
Knd?Rn/on? in eq 2.1. To understand the Rouse dynam-
ics of diblock copolymers, we must obtain the full
spectrum of mutually independent normal modes and
the dynamic intrachain correlations, which are studied
in this section and section 111, respectively.

For a normal mode p, the normal coordinate Xy(t) is
a linear combination of Ry(t),

N
Xo® = [y dn ¢nRy(®) @7
where ¢ is chosen so as to satisfy

aX.(t)
ot

& = K X,(t) + f,(0) (2.8)

[, (OF () 0= 2KgTE,0,,0(t — t)1 (2.9)

pp

with &p, K, and f,, the effective friction coefficient, elastic
constant, and random force for the normal modes,
respectively.
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The normal coordinates are obtained in Appendix A
below as

S, €0S(g,aN), for0 < n < Nf
— ] >pA pA
Pon {SPB cos[pe(N — n)], for Nf <n <N (2.10)
where
K K K
p A2 B 2
— = — = — 2.11
Cp CquA CquB ( )
Hence,
qu = lurqu (212)
K 192 g 12
Kgla a\Ca

Additional constraints on the normal modes are

% cos(qpaNf) = % cos[qpeN(L — )] (2.14)
A B

KA - KB -
_SpA sm(quNf) = _SpB’ur Sln[quN(l =)

g g
A . (2.15)
Equation 2.15 divided by eq 2.14 reduces to
tan(g,ANf) = —u tan[q,,u,N(1 — )]  (2.16)
KBQB)l/z OA(CB)”Z
=uKg/K, = =—|= 2.17
u PATSAN-TAAVN (KACA Og CA ( )

where eq 2.12 has been utilized.

The results in eqs 2.10—2.17 are equivalent to those
in ref 6. Solutions to eq 2.16, discussed in detail in
Appendix A, correspond to the series gpa, p=0, 1, 2, ....
These further yield gps from eq 2.12, K,/{, fromeq 2.11,
and Spa/Spe from eq 2.14. Note that K, &p, Spa, and
Spe are not uniquely defined, as one of them is adjust-
able. However, there is no ambiguity with regard to
physical variables, such as the intrachain correlations.

An always existent solution to eq 2.16 iS goa = qog =
0 for the diffusive mode p = 0. Setting Soa = Ca/(NJ),
with the average friction coefficient ¢ fia + (1 — f)Cg,
we obtain Sog = ¢g/(N&) from eq 2.14, and

(2.18)

N 1 N
Xo= fy dngoR, = N—Ej; dn¢,R, (2.19)

N _ —
Co=(fy dn o 15,) " =NE (2.20)
from egs 2.10, 2.7, and A8 in Appendix A below,
respectively. The coordinate Xg is the position of the
center of “mass”, if &, is regarded as an effective mass.

Other modes (p = 0), generally nontrivial, are ana-
lyzed in detail in Appendix B. Here we relate {, to Spa
and Spg, using eqs A8 and 2.10,

2 2

S S
-1_ N 2 _ PA _ f—PB
& "= [, dn¢y,7g, NfZCA + N(1 2, (2.21)
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Standard exercisel® leads to

[IXo(t) — X,(0)]°C= 6Dt (2.22)
_keT _ KgT
TG NG NG PP
3keT _,,
X ()X ()= ———=e "™,  forp=0 (2.24)

P

where D is the center-of-mass diffusion constant and t,
= {p/Kp is the relaxation time for mode p = 0.

I11. Dynamic Intrachain Correlations

The dynamic intrachain correlations may be obtained
on the basis of the normal modes. For Gaussian chains,
the block—block correlations arel®

m .[[;block dn x
[exp{ik-[Rp(t) —

Wgg(k,t) = % ablock
RO} U

= l dm f dn exp[_ k_zw (t)]
N/ ablock Bblock 6 ' mn ,
for a, f = AorB (3.1)
Y = OR(1) — RyO)T°D (3.2)

Light scattering experiments measure } qsfafsdos(K, t)
where f, is the scattering factor for o monomers.
Inserting eqs A9 and 2.18—2.24 into eq 3.2 produces

¢pn
Vul® = 35, [[F o0 = %(0)

¢pm ¢pn 2
= 6Dt + 3kgT Eogprp——— +
p=

En  Cn
6k T
" Zzp Tybombon(l — €7VF) (3.3)

2

where 0X(t)|2C= OXp(0)|?C= 3keT/K, for p = 0, obtain-
able from eq 2.24, has been used. Comparing the known
results ymn(0) = | /1, ds os?| with eq 3.3 yields

pm ¢pn)

3kBTEO§p p( -—

wmn(t) = 6Dt + ’ [ ds o2
6k T
= goé;p p¢pm¢pn(1 —e ’) (3.5)

(3.4)

Substituting egs 2.10 and 3.5 into eq 3.1 gives the
dynamic intrachain correlations. At long time, expo-
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nential expansions®1%20 may be used to deduce

1
-/;.blOCk

Wopk,t) = fﬂblock
, k2 n ) k Tk
exp| —Dkt — — fm ds o Z{)Cp p¢pm¢pn x
6 m n p=
@ 1 [kgTK? ‘

Pl 2.2, 2 e temtert ) O

For k < N7%2571 eq 3.6 further reduces to
2 —DKk2t k Tk2
oK D) ~ [D65(0) + O(K*)Je ™" + — ZD &Tp +
4|~k
O(k ) e : Lblock dm ¢Pmtféblock dn ¢pn
= [D4(0) + O(K*)]e ' +

2 2
eaﬂ kg Tk Spa
C Sln (qufN)e (Dk2+1/‘[p)t

N Gl 2
~ [@(0) + O(K)]e > +
€op KaTK S

N ¢ Cﬁ p= 1'L'1q Sln (qlAfN)e_(Dkz+1/T1)t 3.7)
1A

where egs 2.10—2.15 are used in evaluating the inte-
grals, ean = egg = 1, eas = —1, the static block—block
correlations are

n 1 K?| n 2
@o(K) = N ablock dm .//;block dn exp[— 6 fm ds o

(3.8)
or

2
opa) =2 N, — 146 @9

XA

a2

btk = 2N 1 4e  @10)

Xp
k) =1 — ONE=ESLZE® 5y

A Xp

with xa = k*fNoa?/6 and xg = k?(1 — f)Nog?/6, and for
sufficiently long time t > 71, the sum over p = 0 is
dominated by the first mode p = 1. While the first term
in eq 3.7 is the diffusion mode, the second term, with a
much smaller amplitude, resembles the “breathing”
mode predicted by Benmouna et al.° However, our
results have important differences from theirs, as
discussed in section 1V below.

Analytic expressions are available for the internal
modes only in limiting cases. Structurally and dynami-
cally symmetric diblock copolymers, where oa = 0g = 0
and ¢a = Cg = ¢, are equivalent to homopolymers in the
Rouse model and, therefore, have the same normal
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modes,lS i.e., D= kBT/(NC), Jia = J'E/N, ép:lslAz = ZC/N,
and 7; = {N20%/(3n%kgT). Hence, eq 3.7 reduces to

A A , ks TK?t
D(K,t) 2 [D45(0) + O(K)] exp| — — 7
2N ., ( Nk202)3n2kBTt
€..——— SIn exp|—|1 + —
e () exp 372 | N2%¢

(3.12)

On the other hand, for strongly dynamically asymmetric
diblock copolymers, e.g., {a < g, and f not approaching
0 or 1, the long time dynamics is mainly controlled by
the B block, i.e., D =~ kgT/[(1 — f)N&g], q1a =~ #/[(1 —
f)N,ur], szlslAZ ~ ZCAZ/[(]. - f)NCB], and 1T~ CB(]- -
f)2N202/(372kgT). Thus, eq 3.7 becomes

ks Tkt N
(1 - )NEg
2f(1 — HNKP05°E,° 5

Byp(K,t) ~ [D4(0) + O(K)] expl—

€
o 3%L,E
1 - )NK?o.%| 37k, Tt
exp{ |1+ — — (3.13)
37 (1 — H)°Noglg

For N"Y2571 « k < ¢7%, on the other hand, the
dynamics is dominated by local modes with large p,
when eq 3.1 simplifies to

2 2
ko,

1
Dap(k,t) ~ N OfN dm OfN dn expy — n-— m‘ —
k2 kgT )
E;;CprpSpA [cos(gpa(m + n)) +
A p

c0S(dpa(m — NYIL — & ")} (3.14)

Within the Rouse relaxation time 73, the integral in eq
3.14 is dominated by large gpa modes with p > 1, for
which the rapidly oscillating term cos[gpa(m + n)] has
little contribution, and cos[goa(m — n)] is strongly
peaked at m = n. For 7. < t < 11, where 7, ~
£0%/(37%kgT) is a microscopic time scale, we may drop
cos[gpa(m + n)] and replace cos[gpa(m — n)] by 1,5 which
reduces eq 3.14 to

k? ke T 2 —t/
Wan(K,t) = Dpa(K) eXpl—— _ZCprSpA 1-e""
2 CAZ o=

forz, <t< 17, (3.15)

A similar expression holds for wgg(k, t).

The interblock correlation @ag(k, t) in the large k limit
arises mainly from segments near the junction between
the A and B blocks. Thus, we replace ¢pm and ¢pn by
¢psn in eq 3.5, which yields

Dp(Kt) & Dpg(K) x

szT 2 —y 2
exp|—k ;ngtpSpA (1 — ™) cos*(qpafN)|,
A P~

for7, <t< 17, (3.16)
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As shown in Appendix B, the intrablock correlations
have the same time dependence as the intrachain
correlations of the corresponding homopolymers,21-23
whereas the interblock correlation has an intermediate

relaxation time, i.e.,
1/2 1/2\-1
_Zkz(kBTt)l/z Ca N -
3 O, o

(ko) ~ @g(K) eXP

(3.17)

for t much greater than this relaxation time implied by
the equation. Note that parameters such as N and f do
not appear in the time dependence in eq 3.17.

Hence, except when {a/lg = (oalog)?, the three cor-
relation functions generally have different decay con-
stants at large k. An interesting consequence is that
the Fourier or Laplace spectrum of the dynamic scat-
tering function may contain three peaks, rather than
two predicted by Benmouna et al.® (also see section IV
below), although the interblock peak is expected to be
much weaker than the intrablock peaks. In dynami-
cally strongly asymmetric cases, e.g., {ao < g, the A
block relaxes much faster than the B block, while the
interblock correlation relaxes 4 times as fast as the B
block.

The dynamic correlations for structurally and dy-
namically symmetric diblock copolymers may be ap-
proximated as

2

DK, A Dyy(K) exp\— Cw':j(Tk; (3.18)
X i 2N B
Deor(K) = %wuﬁ(k) = ;(X —l+e)~ w2
(3.19)

where @t(K) is the total static intrachain correlations,
x = k2Ng?/6, and the internal mode is ignored because
its amplitude is much smaller than that of the diffusive
mode. Equation 3.18 gives the correct relaxation time
in both large and small k limits and is adequate when
used in a time integral, such as the evaluation of the
diffusion constant from the polymer mode-coupling
theory.182425 Note that these symmetric diblock co-
polymers are equivalent to homopolymers within the
Rouse model. Indeed, the total intrachain correlation
in eq 3.18 recovers the proper analytic form for that of
the homopolymer,

K%k Tt

Wit

Ouallt) = 3 Dipll) = Do) exp) - (3.20)

which is derived by Akcasu and Gurol within the
Markovian approximation.’# For asymmetric diblock
copolymers, the interpolation form is

doskt) ~ B (K) x
1 e g
expl —k2ksTt|— + —|— + | [} (3.21)
®VINE 3
C 0, o

[o8

IV. Comparison with the Theory by Benmouna
et al.

We now compare our rigorous results with those
obtained within the Markovian approximation by Ben-
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mouna et al.® Their dynamic correlations are

A K TKT
Dq5(Kt) = @,z eXp| — W +
kg TK°T,t
Doy €XP| — W (4.2)
where
_ faogg(K)/Ca —fpg(K)/Ca (4.2)
—(1 = Do)l (1 — D)/ g

2L, =TrQ £ [(Tr @)’ — 4det Q]"* (4.3)

D(K) = Daa(K)Dg(K) — Dap (K) (4.4)
apn = [Ty = Qo) 0an(K) + Q0K — T) (4.5)

agg = [(Iy — Q1) @gg(K) + Q0a(K)/(, — I},) (4.6)
ang = [T, = Q)0ap(K) + Q0K — I) (4.7)

with Tr  and det Q denoting the trace and determinant
of the matrix €, respectively, and b,s may be obtained
by exchanging I'; with T’y in eqs 4.5—-4.7.

We first point out the self-inconsistency that occurs
for structurally and dynamically symmetric diblock
copolymers, which are identical to homopolymers in the
Rouse model. Here the total intrachain correlation
calculated from eqs 4.1—4.7 depends unphysically on f
and is unequal to that of homopolymers in eq 3.20
derived within the same approach if f = /5. In the small
k limit, however, eqs 4.1—4.7 approximately simplify to

Dog(k,t) & [D5(0) + O(KA)] x
kg Tkt
N¢

_ 5-2f(1 1) 22] B
exp{ [1 +—72 o —f(l — f)Nzozgf} (4.8)

which is consistent with eq 3.20. Equation 4.8 also
qualitatively agrees with eq 3.12. However, the internal
mode decay constant is independent of fin eq 3.12, just
the opposite of eq 4.8, where it approaches infinity as f
goes to 0 or 1, the homopolymer limit. Furthermore,
the k dependence of the internal mode decay constant
in eq 3.12 is only about half as strong as that in eq 4.8.

For structurally symmetric but dynamically strong
asymmetric diblock copolymers, where oa = 0 = o but,
e.g., ta < &g, €qs 4.1-4.7 lead, in the small k limit, to

€
exp + %ﬂfz(l — )2N%K%0? x

Byp(K,t) ~ [@44(0) + O(K?)] x

ks TK’t €up a2
exp| - ———| + ZN%K?>
o YN I 25 ¢
9-41 -1, 2] 9k, Tt
expl =1+ T NK2P|—2—} (4.9
p[ [ 72 NG, “9)

where f is assumed not to approach 0 or 1. Aside from
the same diffusion terms in eqs 3.13 and 4.9, the
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internal mode relaxation time here (O {a) is much
shorter and has a much stronger k dependence (about
6 times at f = /,) than that (O &g) in eq 3.13. The two
time scales also exhibit dramatically different variations
with f.

In the large k limit, eqs 4.1—4.7 become

R R . oKsTt
Do (K1) ~ @, (K) expl —K o, 12 (4.10)
Q,

W pp(K,t) ~

kTt . B B
®pp(K) exP(_kA‘UAZ%éA), if Ca0n 2= Cr0s 2

@ pp(K) [ ( 4 szTt)
o, “exp|—Ko -
@AOA_2 - CBUB_Zl.CA " P h12¢,
kgTt
-2 LA, 2B
CBOB exp( K UB 12@5)],

if a0 * = G0
(4.11)

2

In contrast to the non-Markovian stretched exponential
decay in eq 3.17, a simple exponential decay arises in
eqs 4.10 and 4.11 due to the Markovian approximation.
The two theories have comparable relaxation times for
intrablock correlations but differ drastically on the
interblock correlation when {aoa™2 = gog™2 a single
mode with an intermediate decay constant in eq 3.17
vs two modes with the two intrablock decay constants
ineq 4.11.

Apart from the absence of the stretched exponential
decay due to the Markovian approximation, the inad-
equacy of the predictions by Benmouna et al. stems from
their use of the dumbbell-like model, which oversimpli-
fies the dynamic intrachain correlations of diblock
copolymers to a 2 x 2 matrix of block—block correlations
and ignores intrablock motions. Hence, their intrachain
dynamics is artificially restricted to interblock relax-
ation, whereas rigorous solutions to the Rouse model
in refs 4—7 and Appendix A below give a full spectrum
of normal modes that generally do not correspond to just
interblock relaxation, especially with significant mis-
match for the sizes and friction coefficients of the two
blocks.

In summary, a number of differences are found
between our rigorous analysis for the dynamic correla-
tions of diblock copolymers within the Rouse model and
the approximate counterpart by Benmouna et al.® At
small k, while both retain the same diffusion mode, the
internal mode relaxation constant of the former has a
much weaker k dependence and very different composi-
tion dependence than that of the latter. The disagree-
ment is enhanced by the dynamic asymmetry of the two
blocks. For large k, we find non-Markovian stretched
exponential decay as opposed to their Markovian simple
exponential decay, and a single mode with an interme-
diate decay constant for the correlation between two
dynamically asymmetric blocks, in contrast to theirs as
a linear combination of the two intrablock correlation
decay modes. Furthermore, their results for structur-
ally and dynamically symmetric but compositionally
asymmetric diblock copolymers do not formally agree
with those for homopolymer!4 obtained from the same
approach. Our predictions, and hence, the Rouse model,
may be tested by dynamic light scattering experiments
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and computer simulations on unentangled block copoly-
mer solutions and melts. Although the continuous
Gaussian chain model employed in the theories may not
be quantitatively adequate, especially in the large k
regime, for the short chains with N < 100 in the
simulations,0 this is not expected to affect our results
qualitatively. The discrepancy between the two theories
is expected to persist when hydrodynamic and excluded
volume interactions are also considered (the Zimm
model®), as the approximations adopted by Benmouna
et al. remain problematic.
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Appendix A: Derivation of the Normal Modes

To determine the normal modes, we obtain by using
eqgs 2.1-2.7
K, & R, f

e a2 T

Kaf  gR\n—N-0  Kg/  gR\n=N
( p”Bn)n:o CB( p”an)nﬁl\mo

Ca
90 )
@B( R n—Nf+0 +

Ka 3¢pn )n—»Nf—o
C_A( on R n=0
J. Nd”( ¢"”R + Gt )

= [¢pn(n — Nf = 0)/Cp — ppn(n — Nf + 0)/Eg] x
Ry Ka a‘ppn KB 8%n
(K on )n=Nf (CA an |n—Nf= 0 CB 8_n n—nf+o |Rnt T
Ka 99 Kg 0
_Aﬁn:o o__B Yo Ry +
Ea 0N &g on In=n
ndn[ 9 pn
0 é_n(K 3n R + ¢pn n (Al)

where, e.g., [FO)I'=2 = F(x=b) — F(x=a).
Comparing egs 2.8 and Al yields

Co  bpn
C_:Kn anz = _Kpd)pn (AZ)
fo=5, [0 dn gonfolCy (A3)

with the boundary conditions

3¢pn
n =0, atn=0,N (A4)
K. o
Pon and — %pn are continuous at n = Nf (A5)
Cn &, on

The orthogonality of ¢, is proved using eqs A2—ADS,
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K I byn
(Cp ) fo dn ¢pbynlCn = j; (¢>pn 8‘; -

3 d’pn B KA 8¢p'n ¢pn n—Nf-0
Pz | T g% an ~ Pn *
& ¢ 8¢p'n _ ¢ 8¢ph N =0 (A6)
ggZ\ " oon Pran fn-nrso

Therefore, fy dn ¢pngpn/Cn = 0 except when p = p'.
Combining this and eqgs 2.4 and A3 produces

(O, (1) = 2KgTE,20,,0(t — 1)1 ﬂ)“ dn ¢, 25, (A7)

Comparing egs 2.9 and A7 gives

N _ =1
fo AN Gpndpn/Sn = &p Opp (A8)
With eq A8, we may convert eq 2.7 into the inverse
transformation

Ry =80 "y SopnXp (A9)
p

Solving eq A2 yields the normal coordinates in eq
2.10. While the boundary condition in eq A4 is auto-
matically satisfied by the solution in eq 2.10, substitut-
ing eq 2.10 into eq A5 produces eqgs 2.14 and 2.15.

Appendix B: Solutions to the Normal Modes
and the Dynamic Intrachain Correlations

The key of this appendix is to solve eq 2.16.

The parameter 1 = u(1 — f)/f is assumed to be
rational, as an irrational A may always be approximated
by a rational number to within any given accuracy. Let
A = ny/nz, where n; and n; are relatively prime integers,
and 0 = gpafN/n2. Thus, eq 2.16 becomes

tan(n,0) = —u tan(n,0) (B1)

Substituting
ntan 6 — (g) tan® 6 + (2) tan® 6 — ...

tan(nf) = . ) = )
1- (z)tan 0+(4)tan 0— ..

(B2)

where (7) = n/[m!(n — m)!], changes eq Bl to a
polynomial of order n; + ny in tan 6, which is easily
solvable either analytically or numerically. As shown
below, the advantage of dealing with eq B1 is that it
directly gives the full spectrum of normal modes,
whereas the roots to eq 2.16 must be sought one by one.
Equation B1 generally has n; + n, solutions. When
one of n; and n; is even while the other is odd, eq B1
has the following solutions:
0 = sm, +0,; + s,
fors=0, +1, +2, ..;
(n, + n, — 1)/2;

i=12 ..,
0<6, <2 (B3)

Equation 2.11, 2.14, and 2.21 yield, for 6 = sz (s = 0),
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oe = (1) EB (B4)
A
26"
=—— (B5)
P ONES,
N%0,%¢
e ey (B6)
37°n,"kgTs
and for @ = +0; + sz,
&g cos(n,0;)
Sps = (12— 2L B7
e = ( &, cos(n,6,) P4 (B7)
28,7 cos®(n,0,)| "
=—|fC, + (1 — HNp————— B8
- NSpA2 Ea T ( )chosz(nlei) (B8)
N2%g,2
A Ca (B9)

’L’ =
3N,k T (26, + sm)?

The first nondiffusive mode p = 1 corresponds to 6 =
Omin = Min{6ili = 1, 2, ...}, for which substituting eqs
B4—B6 into eq 3.7 produces

Bop(K,D) & [D44(0) + O(K?)]e Pt +
2k2€A3f4N2

2 -1
. )gwl
CO.

3 4emln CaCﬁ Sz(nlgmin)
3n,%kgTO, . 2
.2 2 2 ™B min
sin“(n,0,,,) exp| —|Dk” + ————|t
min szZO'AZCA

for k < N"*?¢"*and t > 7; (B10)

On the other hand, for k > N~%2¢71, inserting eqs 2.11—
2.13 and B3—B9 into egs 3.15 and 3.16, changing the
summation over p to that over 6;, and integrating over
s yield

k
sk ~ 09 00 Wi, T )| e
1 cos¥(n,0,)]
n ~ o5, + - e (B12)
2Kan = ¢ Z A Bcosz(ﬂl@i)I
1 cos*(n,0;) -
kg = = + 25 [fe,——— + (1 — fE (B13)
T Z Acosz(nzﬁi) BI
2, fCa N A-0%|" ©14)
Nokpg = =
i Z cos’(n,0;)  cos’(n,6;)

where t is much greater than the relaxation time in eq
B11.
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If both n; and n, are odd, on the other hand, the
solutions to eq B1 are

(s+ )m,  +6,+ s,
fors=0, +1, +2, ..; i=1,2, ..,
(np+ny))l2-1; 0<6;,<xl2 (B15)

0 = s,

where the solutions 0 = (s + 1/,)x, for which eq B1
diverges, are obtained from the original eqs 2.14 and
2.15. For 0 =sx (s = 0), Spg = (Ca/Ca)Spa, While eqs B5
and B6 still hold. For 6 = (s + /,)x, egs 2.11, 2.15, and
2.21 yield

SpB — (_ 1)l+(n1n2)/2/f_§ASpA (816)

&= é Tfon + 121 — DGl ™

pA

(B17)

As for 8 = £60; + sm, Sps = (Ca/Ca)Spa c0s(N26;)/cos(n16;),
while eqs B8 and B9 are still valid. Thus, egs B10, B11,
and B14 remain applicable, except that Onyin = min{x/

2, 6ili =1, 2, ...}, and kaa and «gg are changed to
1 1
nzKAA ==+ +
§ foatu (1 -0
cos (n 0|
ZZ f@A 1- f)@B 5 (818)
cos“(n,0;)
1 1
nZKBB =—-+ 5 +
ERTS (NS e
cos?(n,6,) -
2y fo,———+ (1 —0%|  (B19)
T cos“(n,0;)

where 6; are shown in eq B15.

Although we are unable to analytically prove eq 3.17
for an arbitrary 1 based on the above results, we have
done so for certain values of A(=1, 3/, 2, 3, 4, 5, etc.,
and their inverses), where eq Bl is analytically solvable,
while other parameters are not fixed. For other values
of A, numerical results also agree with eq 3.17.
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